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The diffusive dynamics of phasonic modes influences the properties of a quasicrystal and can be detected in scattering experiments (for a recent review see, e.g., [5] ). However, details of the microscopic motion of atoms due to phasonic modes are usually not resolved. There are only a few experiments which explore phasonic dynamics with atomic resolution. For example, transmission electron microscopy of an Al-Cu-Co decagonal quasicrystal revealed rearrangements of atoms due to phasonic excitations [6] . It was also observed that phasonic flips usually are strongly correlated [7] . Furthermore, strain relaxation that leads to the formation of a decagonal quasicrystal in an Al-Cu-CoSi system is accompanied by complex collective rearrangements of atoms [8] . In general, phasonic modes contribute to thermal vibrations and thereby are important for the thermal properties of a quasicrystal. With the help of a dark-field scanning transmission electron microscopy with atomic resolution, thermal vibrations were measured in a decagonal Al 72 Ni 20 Co 8 quasicrystal revealing the importance of phasonic contributions [9] . The microscopic properties of phasonic strain relaxation were also studied in a nonlinear photonic quasicrystal [10] .
However, phasonic displacements in the continuum picture and collective phasonic flips of atoms are usually employed as two independent descriptions of phasons. In this Letter, we present a method that links both pictures. Many properties of conventional periodic crystals can be deduced from a single unit cell, which does not exist in quasicrystals. Nevertheless, we are able to define characteristic areas for phononic and phasonic displacements. We demonstrate that each particle trajectory accompanying a phasonic displacement can be predicted by mapping it onto these areas.
Colloidal particles are widely used as model systems of statistical mechanics; e.g., to study crystallization, phase ordering, and dynamics in external fields [11] . Since colloids in laser fields are driven into the direction of highest light intensity [12] , one can induce complex structures in a charge-stabilized colloidal suspension [13] . For example, light fields created by five interfering laser beams enforce quasicrystalline ordering of colloids [14] [15] [16] [17] . Now, one can realize each phasonic displacement in the light interference pattern by tuning the phases of the laser beams appropriately (see also [16] ). In the following, we use such phasonic displacements to explore the corresponding rearrangements or phasonic flips of our colloidal model atoms in the light-induced colloidal quasicrystal.
In case of five interfering laser beams, the light field creates an external potential with decagonal symmetry [14, 18] VðrÞ ¼ À V 0 25
Here G j ¼ ð2 cos½2j=5=a V ; 2 sin½2j=5=a V Þ are the wave vectors projected onto the xy plane, a V is the length scale of the potential, and j are the phases chosen according to [3] 
such that u ¼ ðu x ; u y Þ is a phononic (i.e., a conventional) displacement and w ¼ ðw x ; w y Þ is the phasonic displacement. We will apply a phasonic drift in order to analyze the resulting colloidal rearrangements. In the following, we denote a potential with a phasonic displacement w by V w ðrÞ. Furthermore, we assume that the colloids are always located in local minima, which we determine by a gradient descent method. To test this assumption, we have also performed Brownian dynamics simulations. Expectedly, for large ratios of potential strength to temperature, V 0 =ðk B TÞ, slow phasonic drift velocities, and only weak colloidal interactions, we observe exactly the same behavior as when we follow the minima directly. Figure 1 and the movies in the Supplemental Material [19] show the positions of colloids when a phasonic drift is applied; i.e., when the phasonic displacement changes at a constant rate in time. The snapshots for a phasonic drift in the x direction [ Fig. 1(a1) ] and for a drift in the y direction [ Fig. 1(b1) ] illustrate the resulting complexity of the collective movement patterns of the colloids. While it is hard to recognize the correlations between the phasonic flips by employing Delaunay triangulations [see right-hand side of graphs 1(a1) and 1(b1) in Fig. 1 ], a better insight into the collective dynamics is obtained by studying single trajectories. As Figs. 1(a2) and 1(b2) demonstrate, particles move in lanes. Whereas particles in the same lane proceed on average in the same direction, particles in neighboring lanes might move in the opposite direction. For a phasonic drift in the x direction, the colloidal particles either move along straight paths in the þx direction or along zigzag paths in the Àx direction [see Fig. 1(a2) ]. For a phasonic drift in the y direction, most particles follow zigzag trajectories in the þy direction, but a few colloids move along stretched zigzag paths in the Ày direction [ Fig. 1(b2) ].
The last two columns of Fig. 1 show detailed snapshots of a single colloid in the decagonal potential landscape with a phasonic drift in the x direction. Depending on the starting position, the colloid either follows a straight path in the þx direction [ Figs. 1(c1)-1(c4) ] or a zigzag path in the Àx direction [ Figs. 1(d1)-1(d4) ]. In both cases, the colloid hardly moves while it is sitting in a local minimum. When this minimum disappears at a certain phasonic displacement, the colloid slides into a new minimum. It stays there until a phasonic displacement is reached where the new minimum vanishes as well and the colloid has to slide again.
Interestingly, up to a displacement of the whole system, the potential and the position of the colloid repeat after a certain phasonic displacement. For example, the position of the colloid with respect to the potential landscape in Fig. 1(c4) corresponds to the situation in Fig. 1(c3) if the whole system is displaced in the x direction. Similarly, the w =0.000a PRL
As a consequence, in order to understand these trajectories, it is sufficient to study one or two slides of the colloid and how these slides repeat. In general, as we will show in the next paragraphs, the trajectory of each colloid can be deduced from the motion of a colloid close to the origin in a potential with a small phasonic displacement. In the following, we will first derive how each colloid can be mapped onto such a particle close to the origin and then study its behavior when a phasonic drift is applied. There are combinations of phononic and phasonic displacements that do not change the potential in Eq. (1)
change all possible differences of phases j À k only by integer multiples of 2 and therefore the potential is not modified; i.e., V wþÁw ðr þ ÁuÞ ¼ V w ðrÞ. Note while the phononic and phasonic displacements in Eq. (3) always occur along the symmetry axes of the potential, they do not share the same direction, in general. A phononic displacement in the direction ¼ j=5 is accompanied by a phasonic displacement in direction w ¼ 3 ¼ 3j=5.
The displacement vectors of Eq. (3) can also be employed for any mass density distribution or field with pentagonal or decagonal symmetry if this field only depends on the phase differences j À k as in Eq. (2). The properties of a colloid in a potential do not change when the position is displaced by Áu and at the same time the phasonic displacement is altered by Áw if Áu and Áw obey Eq. (3). Therefore, we can map all colloids onto particles inside a characteristic area close to the origin in a potential with only a small phasonic displacement. In the following, a colloid at a position r in a laser field V w ðrÞ is mapped onto a particle at a reduced position r ðredÞ ¼ r À Áu in a potential V w ðredÞ ðr ðredÞ Þ with a reduced phasonic displacement w ðredÞ ¼ w þ Áw where Áu and Áw are chosen such that r ðredÞ and w ðredÞ are close to the origin. Since the displacements in Eq. (3) always act along the symmetry axes, the reduced position and the reduced phasonic displacement can be chosen such that jr ðredÞ Á e j j ð1 þ ffiffiffi 5 p Þa V =10 and jw ðredÞ Á e j j ð1 þ ffiffiffi 5 p Þa V =10 for any unit vector e j ¼ ðcos½j=5; sin½j=5Þ with j ¼ 0; 1; ::; 9. Therefore, r ðredÞ and w ðredÞ end up in areas that are surrounded by black decagons labeled with an a in Fig. 2 . To understand the behavior of a colloid in a potential with phononic and phasonic displacements, only the colloids with reduced positions r ðredÞ in potentials with w ðredÞ have to be studied. By numerically investigating all of these reduced positions and phasonic displacements, we find the following: all local minima as possible locations of colloids have reduced displacements r ðredÞ and w ðredÞ that are within the areas surrounded by the colored lines labeled b in Fig. 2 . The results presented in the next paragraphs are obtained by analyzing the potential for w ðredÞ at positions r ðredÞ within this region because every colloid in a local minimum can be mapped into it. The reduced phasonic displacement w ðredÞ changes at the same rate as the phasonic displacement w while inside its characteristic area and inside the region where local minima exist. However, ultimately w ðredÞ reaches one of the colored solid lines labeled b in Fig. 2(b) . These lines were determined numerically and denote the reduced phasonic displacements where the potential minimum, in which the colloid sits, disappears, and therefore, the colloid slides into another local minimum. We find that the direction of sliding depends on the direction of the phasonic displacement. If ðredÞ w is the direction along the symmetry axes that is closest to w ðredÞ , the old, as well as the new, position of the colloid are located close to the direction ðredÞ such that ðredÞ w ¼ 3 ðredÞ . In Fig. 2(a) the color, which we choose to be the same in Figs. 2(a) Fig. 2(b) , the old and the new position are shown with the same color in Fig. 2(a) . Since the new colloid position is outside of the characteristic area, we employ Áu ¼ À Fig. 2 . Further increasing the phasonic displacement w repeats the whole process described in this paragraph by starting from the new reduced quantities. Therefore, Fig. 2 allows us to predict the complete path of a colloid in a potential with phasonic drift for all possible starting positions and all possible directions of the phasonic drift. Figure 3 demonstrates how we employ our method to predict colloidal trajectories for phasonic drifts in the x or y directions. The colloid is characterized by its reduced position r ðredÞ and its reduced phasonic displacement w ðredÞ . Usually, the real and the reduced particle position change in the same way. Only when r ðredÞ and w ðredÞ are mapped back onto values closer to the origin, the real position r is not affected at all. We obtain a colloidal trajectory by repeating the steps introduced in the previous paragraph. A detailed description is given in the caption of Fig. 3 . Note that the type of the trajectory depends on the starting value of w ðredÞ . The crosshatched areas in Figs. 3(a3), 3(b3), 3(c3) , and 3(d3) denote all starting values that lead to the type of trajectory depicted in the corresponding column of the figure.
Particle trajectories in various quasicrystalline systems can be predicted by using diagrams like the one in Fig. 2 . For all pentagonal or decagonal quasicrystals, characteristic areas with decagonal shape exist. In quasicrystals with other rotational symmetries, they assume suitable polygonal shapes. To obtain the details within the characteristic ðredÞ . First, r ðredÞ changes only slightly while the phasonic displacement (either w x or w y ) is increased (see arrows labeled A, A 0 , A1, or A2). The local minimum that is occupied by the colloid disappears when w ðrredÞ reaches the colored solid border. As a consequence, the colloid slides into another local minimum depicted by the same color (see labels B, B 0 , B1, or B2). Since the new r ðredÞ is outside the characteristic decagonal area, in the next step (see C, C 0 , C1, or C2) r ðredÞ and w ðredÞ are mapped back such that r ðredÞ is close to the origin. Note that the real position r does not change due to this mapping. Afterwards, all steps are repeated for the new reduced quantities. In the case of the zigzag paths, r ðredÞ and w ðredÞ end up at their starting values after two slides (six steps: A1, B1, C1, A2, B2, C2) and in case of the straight path [(a1)-(a3)], after one slide (steps A, B, C). For some starting positions the very first steps might differ from the following ones; e.g., the steps A 0 , B 0 , and C 0 shown in (a3) do not repeat but are followed by the usual steps of a straight path. We present paths (b1)-(b3) and (c1)-(c3) in movies in the Supplemental Material [19] .
area, the extrema of the field or density distribution inside the characteristic area have to be analyzed.
In this Letter, we have studied particle trajectories in a quasicrystalline potential with a global phasonic drift. In the future, we want to apply our method to determine particle motion that is caused by phasonic modes with nonzero wavelengths. For example, adatoms on the surface of a quasicrystal experience a two-dimensional quasicrystalline potential (see, e.g., [20] ) where phasonic modes are thermally activated. Our method also applies to intrinsic quasicrystals; e.g., in atomic systems. Such systems are characterized by continuous density distributions, which have to be analyzed instead of an external potential. Real atoms are located at the most pronounced maxima of the density distributions. Therefore, if one analyzes the positions of these maxima within the characteristic area of reduced position and phasonic displacement, one can predict phason-induced rearrangements of atoms. One thereby links collective patterns of phasonic flips to phasonic displacements of a continuous density distribution.
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